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traces of water becomes greater the lower the solubility
of water in the solvent.!4

Conclusion

From the results presented here it turns out that the real
dry ternary solutions of the blend system PMA-PVAc
investigated by Nandi et al. and the newly discovered
miscible pair PEA-PVPr are homogeneous at all compo-
sitions in the solvents investigated, testifying to the com-
patibility of these blend systems. The inhomogeneity of
some of the ternary solutions reported by Nandi et al.
earlier was due to the presence of traces of water in the
systems.
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In recent papers Milner et al.” described a new method
to determine the statistics of “end-confined” polymers,
such as polymers densely grafted to a surface. The method
augments the established approaches of Helfand and
Wasserman®# and of Scheutjens and Fleer.> These authors
reduce the many-chain problem to that of a single chain
in a space-dependent monomer chemical potential. This
chemical potential must be determined self-consistently
in terms of the local concentration of monomers. The
statistical mechanics of such a polymer was shown by
Edwards® to be equivalent to the quantum mechanics of
a Schrédinger particle moving in a potential proportional
to the monomer chemical potential. The Helfand-Was-
serman and Scheutjens—Fleer treatments provide explicit
procedures for solving this self-consistent quantum-me-
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chanics problem. Our new method amounts to the ob-
servation that for large molecular weight the quantum
mechanics reduces to classical Newtonian mechanics. The
new method then solves the Newtonian problem without
further reference to the underlying quantum mechanics.

The new approach leaves some important formal issues
unsettled. Since the connection to Newtonian mechanics
is made at the most general level, it is not clear how the
Newtonian solution of ref 1 emerges explicitly from the
quantum-mechanical description., In particular, our
Newtonian description treats the probability density of the
free chain end as a quantity to be determined self-con-
sistently, in addition to the chemical potential profile. This
end density may vary independently of the potential.
Thus for chains of given molecular weight and coverage,
the potential profile is a fixed parabola, but the required
end density is different for a melt, for an Edwards solvent,’
and for a Flory-Huggins equation of state. This contrasts
with the quantum description, where only the potential
is to be determined; the free-end probability density is
fixed in terms of this potential. The two pictures appear
mutually contradictory; one implies that there are two
independent functions to be determined; the other states
that there is only one.

The purpose of the present paper is to resolve this ap-
parent contradiction. We show that the end density profile
in the Newtonian limit is indeed determined by the po-
tential. But variation in this potential required to shape
the end density profile becomes indefinitely small relative
to the potential as calculated in ref 1. The required per-
turbing potential may be expressed as a simple integral
transform of the logarithm of the end density.

An end-confined polymer of N statistical segments with
one end attached at the position 2 = 0 may be described
by its Edwards propagator G(n;z,2). This G is the par-
tition function for a section of n segments beginning at
height z and ending at height 2z, relative to the overall
partition function of a free random walk of n segments.
The propagator G for an end-confined chain is nontrivial
because the chain interacts with the other chains. Each
monomer of the chain in question displaces other chains;
the free energy cost to place a monomer at z amounts to
a position-dependent monomer chemical potential, which
we denote V(2) (in units of k7).

The Edwards propagator of a chain in the potential V(z)
obeys the heat or Schrodinger equation:

0G/on = V,2G + V()G

Thus G behaves much like the wave function of a quantum
particle in the potential -V. From this G one may calculate
the local monomer concentration ¢(z) and finally impose
the requirement of consistency between the local monomer
chemical potential V(z) and the local concentration ¢(z);
e.g., V(2) = ow¢(z), where o is the number of chains per
unit area and w measures the strength of the interaction.

Once a self-consistent V(z) has been found, the free
energy of the chain passing from the attachment point to
some 2, is simply [log G(N; 0, zy)]. For large N and fixed
coverage ¢ we found! that the “quantum” propagator G
fttains the limiting behavior déscribing classical Newto-
nian motion. Then the free energy of a chain becomes the
action S(z;) of a Newtonian particle of unit mass starting
from rest at z, in the potential ~V(z) and ending at z =
0. We found that V(z) must be parabolic with a curvature
independent of ¢ in this limit. For this parabolic potential,
the action S is independent of z; and is of order N. But
viewed in another way, S(z¢) cannot be completely inde-
pendent of z, since the free energy of a chain at z, controls
the probability e(z,) that a chain ends there:
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€(z¢) = (constant) exp[—S(z)]

As noted above, this end density must vary with 2, in a
specified way in order to achieve self-consistency.

The variation required in S(z) is relatively small. Since
the end density ¢ varies only by factors of order unity over
almost all of the profile, S(zy) must have a z,-dependent
term of order unity added to any part independent of z,,.
This independent part is of order N and is hence much
larger. We may thus suppose that the weak z, dependence
in S{z,) arises from a weak perturbation in the patential
V(z). Accordingly, we write V(z) as the parabola of ref 1
plus a small perturbation v(z):

V(z) = A - Bz2 + v(z)

Since v(z) is small, it can make only a small change in the
Newtonian trajectory representing a polymer. To lowest
order, the effect of v(z) on the action S(z,) can be found®
by using the unperturbed trajectory:

S(zy) = f dn [1/2(dz/dn)? + V(z(n))] =
S, + f dn v(z(n)) (1)

where 2(n) = z4 cos (7n/(2N)).

To find the v(z) which reproduces the S(z,) for a desired
end density we must invert this integral equation. This
inversion may be simplified by labeling a position z by its
energy U relative to the grafting surface: U= Bz? where!
B = 7%2/(8N?). Then eq 1 takes the form

1 Voo Nv(U)

SU) =8, + ﬂ_‘f; - U’)l/z[ U ] (2)

We denote the quantity in [] as w(U). This integral
transform has the simplifying property of homogeneity:
it transforms a power w(U) = UP into another power:
(S(U) -8y ~ Ur*l/2, 1t is also invariant under shifts in
U, in a certain sense. Thus a shifted power law also
transforms into another shifted power law: w(U) = (U -
UgPO(U - Uy transforms into (S(U) - Sy ~ (U -
Up)P*1/29(U - U,). Here 6(x) is the unit step function: 1
for positive x; O for negative x. Evidently the transform
applied twice to this w(U) gives (constant)(U - Uy)Ptie(U
- Uy); i.e., it is the indefinite integral of the function, up
to a multiplicative constant independent of U,. Since this
is true for arbitrary U, i.e., for a complete set of functions,
it is true in general: the transform applied twice to an
arbitrary function is merely the indefinite integral times
a constant. Or differentiating a function and then applying
the transform twice give back the original function (times
a constant). Or the inverse of the transform is the
transform of the derivative. In terms of S(U) and w{(U)

No(U) _du d
;/2 =w) = f (—U—_d—%m oW =Sl 3
0

From this equation the v(r) needed to reproduce any
particular end density ¢(2,), and its corresponding S(U),
can readily be found. Of particular interest are the meit®
and the “moderate density” regime in which the chemical
potential is proportional to the concentration. For these
cases the end density ¢(2) is given by?

e(z(1)) = (constant) UV2(A - U)"Y/2, melt

= (constant)UY2%(A — U)Y/2, moderate density
4)
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where A is the energy U at the maximal height z = A.
Thus

S(U) = %l (U) ¥ In (A - )]

Inserting this in eq 3, we find

Nu(z) =
2 1/2 2 1/2
—[ln z % (———-) arctan ( ) ] + (constant)
h-z h-z
(8)

As anticipated, v(z) diverges at z = 0 and z = h, where
v(z) is obliged to force the end density to zero or infinity.
From eq 2 we see that w(U) must diverge as U™V/? and as
(A — U)"/2 to produce the required logarithmic divergence
in S(U). This implies a logarithmic divergence in v at z
= 0 and an (h - 2)7/2 divergence at the maximal height
h. The corrections to the classical potential are thus
strongest at the tip of the brush.

This discussion shows as claimed that the end density
need not be explicitly specified in order to solve our end-
confined polymer problem. Instead, it is sufficient to
specify the effective potential V(z). But for polymers well
described by our Newtonian limit, there are drawbacks in
specifying only the potential. If one does choose to specify
only the potential, one must take account of two contri-
butions to it which have different orders of magnitude.
This would lead to stability problems in numerical pro-
cedures which specify only the potential.

One may ask whether the perturbing potential v(r) above
constitutes the complete leading correction to the parabolic
potential of ref 1. Another “quantum correction” also
alters the simple Newtonian picture. The free energy of
a chain ending at 2z in the parabola is no longer exactly the
Newtonian action S, but has a correction due to entropic
fluctuations about the lowest energy path. Remarkably 31
this correction is independent of position z. We know of
no other source of perturbation of the parabolic potential.
Thus the v(z) calculated here is the complete correction
to the parabola, up to an additive constant independent
of position. As we have seen, this correction diverges badly
at the tip of the brush, so that fluctuations cannot be
treated as a perturbation in the tip region.

We are grateful to W. B. Russel for stimulating dis-
cussions.
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